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Abstract
We introduce the complete lifts of maps between (real and complex)
Euclidean spaces and study their properties concerning holomorphic-
ity, harmonicity and horizontal weakly conformality. As applications,
we are able to use this concept to characterize holomorphic maps
φ : Cm ⊃ U −→ Cn (Proposition 2.3) and to construct many new
examples of harmonic morphisms (Theorem 3.3). Finally we show that
the complete lift of the quaternion product followed by the complex
product is a simple and explicit example of a harmonic morphism which
does not arise (see Definition 4.8 in [5]) from any Ka¨hler structure.
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1. Introduction
Let(Mm, g) and (Nn, h) be two Riemannian manifolds. A map φ :
(Mm, g) −→ (Nn, h) is called a harmonic map if the divergence of
its differential vanishes. Such maps are the extrema of the energy
functional 1
2
∫
D |dφ|
2 over compact domain D ⊂ M . For a detailed
account on harmonic maps we refer to [7],[8],[9] and the references
therein. Harmonic morphisms are a special subclass of harmonic maps
which preserve solutions of Laplace’s equation in the sense that for
any harmonic function f : U −→ R, defined on an open subset U
of N with φ−1(U) non-empty, f ◦ φ : φ−1(U) −→ R is a harmonic
function. In other words, φ pulls back germs of harmonic functions on
N to germs of harmonic functions on M . In the theory of stochastic
processes, harmonic morphisms φ : (M, g) −→ (N, h) are found t! o be
Brownian path preserving mappings meaning that they map Brownian
motions on M to Brownian motions on N([6],[16]). The following nice
characterization of a harmonic morphism is due to Fuglede and Ishihara
independently.
Theorem 1.1. ([10],[15])A map φ is a harmonic morphism if and only
if it is both a harmonic and a horizontal weakly conformal map.
For a map φ : Rm ⊃ U −→ Rn between Euclidean spaces, with
φ(x) = (φ1(x), ..., φn(x)), the harmonicity and weakly conformality are
just equivalent to the following conditions respectively:
m∑
i=1
∂2φk
∂x2i
= 0 (1)
m∑
i=1
∂φk
∂xi
∂φl
∂xi
= λ2(x)δkl (2)
For k, l = 1, 2, ..., n.
It is well-known that (i) if dim M < dim N then any harmonic
morphism is a constant map, (ii) if dim M = dim N = 2, the harmonic
morphisms are precisely the weakly conformal maps, (iii) if dim N = 1
they are precisely the harmonic maps, (iv) if dim M = dim N ≥ 3 they
are precisely the homothetic maps([10], [15]). Though the composition
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of harmonic maps does not generally turn out to be a harmonic map ,
we have
Lemma 1.2. If φ1 : (M, g) −→ (M, g) and φ2 : (M, g) −→ (N, h) are
harmonic morphisms, then so is their composition φ2 ◦ φ1 : (M, g) −→
(N, h).
Lemma 1.3. ([13]) Let pi : (M, g) −→ (M, g) be a non-constant har-
monic morphism, φ : (M, g) −→ (N, h) be a map, and Φ = φ ◦ pi :
(M, g) −→ (N, h) their composition, then Φ is a harmonic morphism
if and only if φ is a harmonic morphism.
Since the equations determining a harmonic morphism form an overde-
termined system of partial differential equations one should not expect
to find too many examples of harmonic morphisms, however, one can
easily check that all the maps in the following example are in this class.
Example 1.4. (i) φ : C2 −→ C, φ(z, w) = zw and φ(z, w) = zw;
(ii) φ : C2 −→ R× C, with φ(z, w) = (|z|2 − |w|2, 2zw);
(iii) The quaternion product
q : C2 × C2 −→ C2, q(z1, z2, z3, z4) = (z1z3 − z2z4, z1z4 + z2z3).
(iv) The hyperbolic analogue of stereographic projection
φ : R3\ {(0, 0, x3) | x3 ≥ 0} −→ R
2 with φ(x1, x2, x3) =
(
x1
r−x3
, x2
r−x3
)
,
where r2 = x21 + x
2
2 + x
2
3.
(v) The orthogonal projection φ : Rm −→ Rn with φ(x1, . . . , xm) =
(x1, . . . , xn), and the radial projection φ : R
m\{0} −→ Sm−1(m =
1, 2, . . . ) with φ(x) = x/ |x|.
(vi) The natural projection pi : (TM, g) −→ (M, g), where g is the
Sasaki metric on the tangent bundle of the Riemannian manifold (M, g).
(vii) the Hopf maps S3 −→ S2 and S2n+1 −→ CP n(n = 1, 2, . . . ).
(viii) Any holomorphic maps from a Ka¨hler manifold to a Riemann
surface ([1]), in particular, any holomorphic function φ : U −→ C on
an open subset U of Cm is a harmonic morphism.
In recent years, much work has been done in classifying and con-
structing harmonic morphisms from certain model spaces to other model
4 COMPLETE LIFTS OF HARMONIC MAPS AND MORPHISMS...
spaces (see e.g. [2], [3], [4] ,[5], [11], [13] , [12], [14], [18], [19]). More
recently Baird and Wood have found (see [19] ,[5]) some strong links
between Hermitian structures and harmonic morphisms from open sub-
sets of R2n to C or a Riemann surface. They have constructed many
interesting locally and globally defined harmonic morphisms. Some
of them are holomorphic with respect to non-Ka¨hler structures and
some are not holomorphic with respect to any Ka¨hler structure. In
this work we use the complete lift of the quaternion product and the
composition with the complex product to give a harmonic morphism
Φ : R16 ⊃ U −→ C which is not holomorphic with respe! ct to any
Ka¨hler structure.
2. Complete Lifts and Their Properties
Definition 2.1. Let φ : Rm ⊃ U −→ Rn, φ(x) = (φ1(x), ..., φn(x)),
be a map from an open connected subset of Rm into Rn. The (real)
complete lift of φ is a map Φ : R2m ⊃ U × Rm −→ Rn, given by
Φ(x1, . . . , xm; y1, . . . , ym) =
(
∂φi
∂xj
(x)
)
y1
...
ym

 (3)
where
(
∂φi
∂xj
(x)
)
denotes the Jacobian matrix of φ at x.
Remark 2.2. (i) The complete lift of a map is a partial linear map in
the sense that it depends linearly on half of its variables.
(ii) Let φ : Cm ⊃ U −→ Cn be a C∞ from an open connected subset
of Cm into Cn ,then the (complex) complete lift of φ can be defined
similarly by using the complex Jacobian matrix.
It is well-known that Cm can be identified with R2m by identifying
(z1, . . . , zm) with (x1, y1, . . . , xm, ym), where zk = xk + iyk. Thus any
map φ : Cm ⊃ U −→ Cn can be identified with a map (called the real
identification of φ) φr : R
2m ⊃W −→ R2n, given by
φr(x1, y1, . . . , xm, ym) = (u
1(x, y), v1(x, y), . . . , un(x, y), vn(x, y))
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where uk(x, y)and vk(x, y) are the real and imaginary parts of the kth
component function of φ , i.e φk(x, y) = uk(x, y) + ivk(x, y).
It should be noted that the operation of the complete lift and the
above identification does not commute in general. In fact, the following
is easily established:
Proposition 2.3. Let φ : U −→ Cn be a C∞ map from an open con-
nected subset U of Cm, then φ is holomorphic if and only if the (com-
plex ) complete lift Φ of φ is identical with the (real) complete lift Φr of
its real identification φr, viewed as a map between complex Euclidean
spaces.
Example 2.4. The quaternion product q : C2×C2 −→ C2, q(z1, z2, z3, z4) =
(z1z3− z2z4, z1z4+ z2z3) is not holomorphic. The complex complete lift
of Q is given by
Q(z1, z2, z3, z4, w1, w2, w3, w4) = (z3w1 − z4w2 + z1w3, z4w1 + z3w2 + z1w4)
whilst the real complete lift of qr, viewed as a complex map, is given by
Qr(z1, z2, z3, z4, w1, w2, w3, w4) =
(z3w1 − z4w2 + z1w3 − z2w4, z4w1 + z3w2 + z2w3 + z1w4)
which is obviously different from Q .
Theorem 2.5. The complete lift of any holomorphic map
φ : Cm ⊃ U −→ Cn is holomorphic .
proof: It suffices to check that the component function Φl(z, w) =∑m
k=1
∂φl
∂zk
wk(l = 1, 2, . . . , n) is holomorphic with respect to variables
z1, . . . , zm, w1, . . . , wm. This amounts to check that the following equa-
tions
∂
∂zk
(
m∑
j=1
∂φl
∂zj
wj) = 0
∂
∂wk
(
m∑
j=1
∂φl
∂zj
wj) = 0
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hold for l = 1, 2, . . . , n, k = 1, 2, . . . , m which is trivial and is omitted.
Theorem 2.6. The complete lift of any harmonic map φ : Rm ⊃
U −→ Rn is harmonic.
proof: Let φ : Rm ⊃ U −→ Rn, φ(x) = (φ1(x), ..., φn(x)), be a
harmonic map, then we have
∑m
j=1
∂2φk
∂x2
j
= 0 for k = 1, 2, . . . , n. We
must check that the component function of the complete lift Φk(x, y) =∑m
i=1
∂φk
∂xi
yi, k = 1, 2, . . . , n , is a harmonic function of x1, . . . , xm, y1, . . . , ym.
But∑m
j=1
∂2
∂x2
j
(
∑m
i=1
∂φk
∂xi
yi)+
∑m
j=1
∂2
∂y2
j
(
∑m
i=1
∂φk
∂xi
yi) =
∑m
i=1 yi
∂
∂xi
(
∑m
j=1
∂2φk
∂x2
j
) =
0. This ends the proof.
For the complete lift of a horizontal conformal map we have
Theorem 2.7. Let φ : Rm ⊃ U −→ Rn be a horizontal weakly confor-
mal map, then the complete lift Φ of φ is horizantal weakly conformal
if and only if the following conditions hold for α, β = 1, 2, . . . , n.:
(hessφα)2 = (hessφβ)2 (4)
(hessφα)(hessφβ) = −(hessφβ)(hessφα) (5)
where (hessφα) denotes the Hessian matrix of the component function
φα.
proof: At each point (x, y), the Jacobian matrix of Φ is given by
J(Φ) =


∂1∇φ
1 • y . . . ∂m∇φ
1 • y ∂φ
1
∂x1
. . . ∂φ
1
∂xm
∂1∇φ
2 • y . . . ∂m∇φ
2 • y ∂φ
2
∂x1
. . . ∂φ
2
∂xm
...
...
...
...
...
...
∂1∇φ
n • y . . . ∂m∇φ
n • y ∂φ
n
∂x1
. . . ∂φ
n
∂xm


Where • denotes the inner product in Euclidean space.
From this together with the horizontal weak conformality of φ it follows
that Φ is horizontally weakly conformal if and only if the following
equations hold
m∑
i=1
(∂i∇φ
α • y)2 ≡
m∑
i=1
(∂i∇φ
β • y)2 (6)
m∑
i=1
(∂i∇φ
α • y)(∂i∇φ
β • y) ≡ 0 (7)
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Note that Equations (6) and (7) express the identity of quadratics in
y′is, they are equivalent to the following equations
∂i∇φ
α • ∂i∇φ
α = ∂i∇φ
β • ∂i∇φ
β (8)
∂i∇φ
α • ∂j∇φ
α = ∂i∇φ
β • ∂j∇φ
β (9)
∂i∇φ
α • ∂i∇φ
β = 0 (10)
∂i∇φ
α • ∂j∇φ
β = −∂j∇φ
α • ∂i∇φ
β (11)
Now equations (8) and (9) are equivalent to the fact that the square of
the Hessian matrix of φα is the same for all α = 1, 2, . . . , n, while equa-
tions (10) and (11) just say that the product matrix (hessφα)(hessφβ)
is skew symmetric. On the other hand, since (hessφα) and (hessφβ) are
symmetric it is easily seen that (10) and (11) are, in fact, equivalent to
(5) which ends the proof.
3. Examples and further results
In this section we give examples of harmonic morphisms whose com-
plete lifts are harmonic morphisms. We prove that the complete lift of
a quadratic harmonic morphism is always a quadratic harmonic mor-
phism. This gives us a large class of harmonic morphisms between
Euclidean spaces. Two counter examples are also given, and finally we
use the complete lift of the quaternion product and the composition
with the complex product to construct an example of harmonic mor-
phism φ : R16 −→ C which does not arise from any Ka¨hler structure.
Example 3.1. (i) φ : C2 −→ C, φ(z, w) = zw is a non-holomorphic
harmonic morphism. The complex and the real complete lifts are given
respectively by
Φ(z1, z2, w1, w2) = z2w2, and Φr(x1, . . . , x4, y1, . . . , y4) = (x3y1+x4y2+
x1y3 + x2y4,−x4y1 + x3y2 + x2y3 − x1y4). It is easily checked that they
are both harmonic morphisms.
(ii) φ : C2 −→ R × C, φ(z, w) = (|z|2 − |w|2, 2zw) , viewed as a map
between real Euclidean spaces can be written as
φ(x1, . . . , x4) = (x
2
1 + x
2
2 − x
2
3 − x
2
4, 2x1x3 − 2x2x4, 2x1x4 − 2x2x3).
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Then φ is a harmonic morphism (see [6]) and its complete lift is given
by
Φ = (2x1y1+2x2y2−2x3y3−2x4y4, 2x3y1−2x4y2+2x1y3−2x2y4, 2x4y1+
2x3y2 + 2x2y3 + 2x1y4).
One can easily check that Φ is also a harmonic morphism.
(iii) The real complete lift of the quaternion product is again a harmonic
morphism while the complex complete lift of the quaternion product is
no longer a harmonic morphism. In fact, the real complete lift of q is
given by
Qr(x, y) =


x5 −x6 −x7 −x8 x1 −x2 −x3 −x4
x6 x5 x8 −x7 x2 x1 −x4 x3
x7 −x8 x5 x6 x3 x4 x1 −x2
x8 x7 −x6 x5 x4 −x3 x2 x1




y1
...
y8


It follows from Theorem 2.6 that Qr(x, y) is harmonic. Qr(x, y) is also
horizontal weakly conformal as one can see this at a glance of its Jaco-
bian matrix
J(Qr(x, y)) =
(
J(qr(y)) | J(qr(x))
)
(4×16)
.
On the other hand, the complex complete lift Q of q is given by
Q(z, w) = (z3w1 − z4w2 + z1w3, z4w1 + z3w2 + z1w4).
When viewed as a map between Euclidean spaces its Jacobian matrix
can be calculated as
J(Q(x, y)) =

y5 −y6 0 0 y1 −y2 −y3 −y4 x5 −x6 −x7 −x8 x1 −x2 0 0
y6 y5 0 0 y2 y1 −y4 y3 x6 x5 x8 −x7 x2 x1 0 0
y7 −y8 0 0 y3 y4 y1 −y2 x7 −x8 x5 x6 0 0 x1 −x2
y8 y7 0 0 y4 −y3 y2 y1 x8 x7 −x6 x5 0 0 x2 x1


Therefore, the complex complete lift of q is not horizontal weakly con-
formal though it is a harmonic map.
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(iv) The complete lift of the hyperbolic analogue of stereographic pro-
jection in Example 1.4 (iv) is not a harmonic morphism.
Note that the maps in (i) − (iii) of Example 3.1 are among a large
class of harmonic morphisms whose complete lifts are always harmonic
morphisms:
Definition 3.2. A map Φ : Rm −→ Rn is called a quadratic map if all
of its components are homogeneous polynomials of degree 2.
Theorem 3.3. The complete lift of any quadratic harmonic morphism
is again a quadratic harmonic morphism.
proof: Let φ : Rm −→ Rn be a quadratic harmonic morphism, then
by definition we can write
φ(X) = (X tA1X, . . . , X
tAnX) (12)
where X denotes the column vector in Rm , X t the transpose of X
and Ai(i = 1, ..., n) is a symmetric matrix of m×m. We can write the
Jacobian matrix of φ(X) as
J(φ(X)) =


2X tA1
...
2X tAn


n×m
By definition, the complete lift of φ can be written as
Φ(X, Y ) =


2X tA1
...
2X tAn

Y
= (2X tA1Y, . . . , 2X
tAnY )
Now the harmonicity of Φ(X, Y ) follows from that of φ by Theorem
2.6. On the other hand, a routine calculation gives
J(Φ(X, Y )) =


2Y tA1 2X
tA1
...
...
2Y tAn 2X
tAn


n×2m
(13)
= (J(φ(Y ))|J(φ(X)))n×2m
10 COMPLETE LIFTS OF HARMONIC MAPS AND MORPHISMS...
where the second equality holds because of the fact thatAi(i = 1, . . . , n)
is symmetric.
From equation (13) one can easily see that Φ(X, Y ) is horizontal weakly
conformal if and only if φ possesses that property. Thus we have proved
the Theorem.
Remark 3.4. a) A complete classification of quadratic harmonic mor-
phisms between Euclidean spaces will appear in [17].
b) Though the complete lift of a quadratic harmonic morphism is al-
ways a quadratic harmonic morphism there exist quadratic harmonic
morphisms which are not the complete lift of any map as the following
example shows.
Example 3.5. The quaternion product is not the complete lift of any
map. In fact, if there were a map
φ(x) = (φ1(x), ..., φ4(x)) : R4 −→ R4
whose complete lift were the quaternion product, then φ1(x), ..., φ4(x)
would satisfy the following systems of PDEs :
∂φ1
∂x1
= x1
∂φ1
∂x2
= −x2
∂φ1
∂x3
= −x3
∂φ1
∂x4
= −x4
∂φ2
∂x1
= −x2
∂φ2
∂x2
= x1
∂φ2
∂x3
= −x4
∂φ2
∂x4
= x3
∂φ3
∂x1
= x3
∂φ3
∂x2
= x4
∂φ3
∂x3
= x1
∂φ
∂x4
= −x2
∂φ4
∂x1
= x3
∂φ4
∂x2
= x4
∂φ4
∂x3
= x2
∂φ4
∂x4
= x1
But this is impossible because, for instance, ∂
2φ2
∂x2∂x1
= −1 6= ∂
2φ2
∂x1∂x2
= 1 .
Example 3.6. Harmonic morphism Φ : R16 −→ C not arising from
any Ka¨hler structure. We have seen that Qr(x, y) : R
16 −→ C2 is a har-
monic morphism, and it is known that φ : C2 −→ C, φ(z, w) = zw is a
harmonic morphism. We claim that Φ : R16 −→ C given by Φ = φ◦Qr
is a harmonic morphism not arising from any Ka¨hler structure. To see
this we need the following criterion
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Proposition 3.7. (cf.Baird and Wood [5]) Let Φ : R2m ⊃ U −→ C
be a submersive harmonic morphism. Then Φ is holomorphic with re-
spect to a Ka¨hler structure if and only if there exists an m-dimensional
isotropic subspace W ⊂ C2m such that ∇Φ(x) ∈ W for any x ∈ U .
We will prove that Φ = φ◦Qr is not holomorphic with respect to any
Ka¨hler structure by showing that there exists no such isotropic subspace
for Φ. It is enough to check that there exist 8 points x1, . . . , x8 ∈ R
16
such that {∇Φ(x1), . . . ,∇Φ(x8)} is a linearly independent set of vectors
in C16, and that there exists another point x9 ∈ R
16 such that ∇Φ(x9) 6∈
span {∇Φ(x1), . . . ,∇Φ(x8)}.
In fact,
Φ(z1, z2, z3, z4, w1, w2, w3, w4) =
(z3w1 − z4w2 + z1w3 − z2w4)(z4w1 + z3w2 + z2w3 + z1w4)
and ,
∇Φ(x) =
(w3B + w4A, i(w3B + w4A),−w4B + w3A, i(−w4B + w3A),
w1B + w2A, i(w1B − w2A),−w2B + w1A, i(w2B + w1A),
(z3B + z4A, i(z3B + z4A),−z4B + z3A, i(−z4B + z3A),
z1B + z2A, i(z1B − z2A),−z2B + z1A, i(z2B + z1A))
Where A = z3w1− z4w2+ z1w3− z2w4, B = z4w1+ z3w2+ z2w3+ z1w4.
We calculate
∇Φ(0, 0, 1, 0, 1, 0, 0, 1) = (1, i, 0, 0, 0, 0, 1, i, 0, 0, 1, i, 0, 0, 0, 0)
∇Φ(0, 0, i, 0, 1, 0, 0, 1) = (i,−1, 0, 0, 0, 0, i,−1, 0, 0, 1, i, 0, 0, 0, 0)
∇Φ(1, 0, 0, 0, 1, 0, 1, 0) = (0, 0, 1, i, 0, 0, 1, i, 0, 0, 0, 0, 0, 0, 1, i)
∇Φ(i, 0, 0, 0, 1, 0, 1, 0) = (0, 0, i,−1, 0, 0, i,−1, 0, 0, 0, 0, 0, 0,−1,−i)
∇Φ(1, 0, 0, 1, 1, 0, 0, 0) = (0, 0, 0, 0, 1, i, 0, 0, 0, 0,−1,−i, 1, i, 0, 0)
∇Φ(1, 0, 0, 1, i, 0, 0, 0) = (0, 0, 0, 0,−1,−i, 0, 0, 0, 0,−i, 1, i,−1, 0, 0)
∇Φ(1, 0, 1, 0, 1, 0, 0, 0) = (0, 0, 0, 0, 0, 0, 1, i, 0, 0, 1, i, 0, 0, 1, i)
∇Φ(1, 0, 1, 0, i, 0, 0, 0) = (0, 0, 0, 0, 0, 0,−1, i, 0, 0, i,−1, 0, 0, i,−1)
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It is easy to see that these eight vectors are mutually orthogonal in C16
with respect to 〈z, w〉C = z1w1 + . . . + z16w16 . Hence they are lin-
early independent. It is easy to see that ∇Φ(0, 0, 1 − i, 0, 1, 1, 0, 0) =
(0, 0, 0, 0, 2,−2,−2i, 2i, 2, 2i, 2, 2i, 0, 0, 0, 0) does not belong to the sub-
space spanned by the above eight vectors.
Remark 3.8. It is known that the orthogonal multiplications, as maps
between Euclidean spaces, can be used to construct some harmonic maps
and morphisms. However the complete lift of an orthogonal multipli-
cation need not be an orthogonal multiplication in general as one can
check this for the quaternion product.
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